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In continuation of our previous study (Phys.Rev.D 99 (2019) 4, 044012) we investigate the mo-
tion of charged particles in the γ-metric. We provide some examples of curled trajectories in the
equatorial plane and escape trajectories outside the equatorial plane. Finally, we consider har-
monic oscillations due to small displacements from stable circular orbits on the equatorial plane and
compute the epicyclic frequencies for different values of deformation parameter and magnetic field.
I. INTRODUCTION
Black holes in the general theory of relativity are en-
tirely described by three parameters, namely mass, angu-
lar momentum and charge [1–3]. We know that classical
black hole solutions contain curvature singularities which
are expected to be resolved by a theory of quantum-
gravity [4, 5]. This naturally leads to the question of
whether such quantum-gravity effects remain confined
within the horizon or may affect the exterior geometry,
thus separating (astro)physical black holes from mathe-
matical black holes. A hint towards the answer to this
question comes from the study of non-singular gravita-
tional collapse (see for example [6–14]), which suggests
that the resolution of the singularity must affect the
trapped surfaces in the space-time. Another hint comes
from the investigation of exact solutions of Einstein’s
equations that do not describe black holes. For example,
it is well known that static axially symmetric vacuum
solutions generically posses naked curvature singularities
when multipole moments of higher order are present [15–
20] . This fact can be interpreted in two ways:
(i) A collapsing body must shed away all higher mul-
tipole moments before crossing the horizon thresh-
old.
(ii) The space-time resulting from the collapse of a non-
spherical body requires quantum-gravity modifica-
tion already at the horizon scale to account for the
non-vanishing multipole moments.
The issue will likely be resolved once we will be able
to precisely probe experimentally the geometry around
astrophysical black hole candidates.
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As of today, the nature of the geometry around ex-
treme astrophysical compact objects is still unknown.
However, recent results such as X-ray reflection spec-
troscopy [21–23] or the image of the ‘shadow’ of the
super-massive black hole candidate at the center of the
galaxy M87 [24] suggest that experimental tests of the
so-called Kerr hypothesis [25, 26], namely the hypothesis
that all astrophysical black hole candidates are described
by the Kerr metric, may be possible in the near future.
In this work, we focus our attention on the Zipoy-
Voorhees space-time, also known as γ-metric, which
is a static, axially symmetric line element describing
the gravitational field outside a prolate or oblate ob-
ject [27, 28]. The space-time is continuously linked to
the Schwarzschild metric through the value of one pa-
rameter γ, which is related to the non-vanishing multi-
pole moments and in the limit of γ = 1 it reduces to
Schwarzschild. As mentioned before, for γ 6= 1 the line-
element presents a curvature singularity at the surface
r = 2m, making the manifold geodesically incomplete
[29–31] . The properties of the γ-metric, its geodesics, in-
terior solutions and geometrical aspects, have been stud-
ied by many authors [32–38]. In a series of previous arti-
cles, some of us investigated the properties of this space-
time in connection with the possibility of observing de-
partures from the Schwarzschild or Kerr line-elements in
astrophysical observations [39–41].
In practice, to probe experimentally the geometry of
extreme compact objects one can rely on different meth-
ods. Shadow and orbits are limited to only two super-
massive black hole candidates and therefore to obtain a
larger sample of observations one must look at X-ray bi-
naries.
The Rossi X-ray Timing Explorer (RXTE) mission has
provided thousands of observations of black holes tran-
sients [42] and the study of X-ray binaries has been con-
sidered with great interest because it opens the possibility
to probe fundamental physics [43]. The X-rays emitted
by binary systems are produced by matter falling from
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2the donor (usually a normal star) to the accretor: a neu-
tron star or a black hole. Thanks to the RXTE mission,
complex variability patterns were discovered, including
the detection of Quasi-Periodic Oscillation (QPO) at fre-
quencies higher than 40Hz [42]. According to Belloni
et al., the QPOs open a new window onto fast phenom-
ena in the innermost regions of an accretion disk. [42].
The high-frequency QPOs give us information about the
masses and radii of neutron stars [44, 45], the masses and
spin of the central objects [46, 47]. Furthermore, since
the high-frequency QPOs are observed close to the or-
bital frequencies of the marginally stable circular orbits
(MSO), the effects from strong gravity must be essen-
tial to explain their behavior [48–51]. Finally, from the
analysis of the frequencies, it is also possible to obtain in-
formation about the electromagnetic field in the vicinity
of black hole candidates.
Many of the observed black hole candidates have ac-
cretion discs formed by plasma whose dynamics can gen-
erate a regular magnetic field [52]. In this sense, it is
essential to consider the role of the electromagnetic field
in the processes taking place in the surroundings of a
black hole. Recent observations have suggested that the
center of the Milky Way galaxy has a strong magnetic
field that is not related to the accretion disc of the black
hole [53]. Hence, black holes can also be immersed in an
external, large-scale electromagnetic field that can have
a complicated structure in the vicinity of field source,
but asymptotically (at large distances) its character can
be close to being homogeneous [54]. In this sense, the
idea of a black hole immersed in a uniform magnetic
field has been used in Ref. [52] as a model to explain
the frequencies of the 3:2 high-frequency QPOs observed
in the three Galactic microquasars GRS 1915+105, XTE
1550564 and GRO165540, which cannot be explained by
a model based on the frequencies of the geodesic epicyclic
motion, if the accepted limits on the mass and spin of the
black holes are taken into account [55, 56].
In the present work, we shall focus on the motion
of charged test particles in the equatorial plane of the
Zipoy-Voorhees space-time immersed in an external mag-
netic field to characterize the effects of the non-vanishing
quadrupole moment on the QPOs (the case of QPOs for
neutral particles was considered in [40]). The motion of
test particles in the magnetized Schwarzschild space-time
was first considered in Ref. [57]. Since then, solutions of
Einstein’s equations in external magnetic fields have been
widely studied (see for example [52, 58–60]).
The article is organized as follows. In section II, we
review the γ-metric and its main properties together
with the basics ideas of the description of a space-time
immersed in an external magnetic field [57]. In sec-
tion III, following the Hamiltonian formalism presented
in Ref. [52], we discuss the charged particle motion in the
magnetized Zipoy-Voorhees space-time and obtain the ef-
fective potential for charged test particles. Finally sec-
tion IV is devoted to the study of harmonic oscillations
about the circular orbits of charged particles. Through-
out the manuscript, we use the signature (−,+,+,+),
and use geometrized units thus setting G = c = 1.
Greeks indices run from 0 to 3.
II. ZIPOY-VOORHEES SPACE-TIME
IMMERSED IN A UNIFORM MAGNETIC
FIELD.
The Zipoy-Vorhees space-time, also known as γ-metric
[27, 28] is a well known asymptotically flat vacuum so-
lution of Einsteins equations that belongs to the Weyl
class of static, axially symmetric space-times [15]. In
Erez-Rosen coordinates the line element is given by [61]
ds2 = −Fdt2+F−1 [Gdr2 +Hdθ2 + (r2 − 2mr) sin2 θdφ2] ,
(1)
where
F (r) =
(
1− 2m
r
)γ
,
G(r, θ) =
(
r2 − 2mr
r2 − 2mr +m2 sin2 θ
)γ2−1
,
H(r, θ) =
(r2 − 2mr)γ2(
r2 − 2mr +m2 sin2 θ)γ2−1 .
(2)
When γ = 1 the line element reduces to Schwarzschild in
Schwarzschild coordinates. From the expansion of the
gravitational potential it is easy to evaluate the total
mass M of the source as [61]
M = γm, (3)
while the quadrupole moment Q is given by
Q =
γ
3
(
1− γ2)M3. (4)
From Eq. (4) we see that γ > 1 correspond to oblate
spheroids, while γ < 1 correspond to prolate spheroids.
Symmetries in the space-time can be studied by means
of Killing vectors. In the case of vacuum, stationary and
axial symmetric space-times, we have two Killing vec-
tors: one related to time translations and the other to
spatial rotations about the symmetry axis. Such vectors
are related to conserved quantities, energy and angular
momentum, and satisfy the Killing equation [57, 62]
£ξgµν = ∇µξν +∇νξµ = 0, (5)
where £ξgµν is the Lie derivative of the metric tensor and
∇ is the covariant derivative. One interesting property
that follows form Eq.(5) is the relation
∇ν∇νξµ = −R λµ ξλ = −Rλ µξλ. (6)
On the other hand, in curved space-times, the
Maxwell’s equations for the vector potential Aµ in the
Lorentz gauge (∇µAµ = 0) are given by [62, 63]
∇ν∇νAµ −RλµAλ = −4piJµ. (7)
3In this sense, if we consider Jµ = 0, Eq. (7) reduces to
∇ν∇νAµ = RλµAλ. (8)
Note that there is a sign difference between Eqs. (6) and
(8), so that the two equations coincide in the case of vac-
uum space-times. This means that, when Rλ µ = 0, the
Killing vector ξµ must satisfy the source-free Maxwell’s
equations for a vector potential in the Lorentz gauge. In
this sense, the Killing vector ξµ in vacuum is endowed
with the property of being proportional to some vector
potential Aµ and can be used to derive a solution for
the electromagnetic field occurring when a stationary, ax-
isymmetric space-time is placed in an external magnetic
field aligned along the axis of symmetry [64]. Hence, the
Faraday tensor of the electromagnetic field Fµν can be
expressed as [57]
Fµν = ∇µξν −∇νξµ = −2∇νξµ, (9)
and the vector potential Aµ can be written as
Aµ = C1ξ
(t)
µ + C2ξ
(φ)
µ , (10)
where ξ
(t)
µ and ξ
(φ)
µ are the Killing vector fields associated
with time translations and rotations about the symmetry
axis. In this work, we consider the case of a magnetic field
that is uniform, with magnitude B at spatial infinity.
If the field is oriented perpendicularly to the equatorial
plane which is orthogonal to the symmetry axis, then the
four-vector potential takes the form
Aµ =
B
2
ξ(φ)µ . (11)
Consequently, the only nonzero component of the poten-
tial of the electromagnetic field is [62]
Aφ =
B
2
gφφ. (12)
When applied to the γ-metric, given in Eq. (1), the vector
potential is given by [65]
Aφ =
B
2
(
1− 2m
r
)1−γ
r2 sin2 θ, (13)
and it automatically reduces to the well-known vector
potential in the Schwarzschild space-time for γ=1. We
shall now move to consider the motion of test particles in
the Zipoy-Voorhees geometry immersed in the magnetic
field discussed above.
III. CHARGED PARTICLE DYNAMICS
To study the dynamics of charged particles we follow
Ref. [52]. The Hamiltonian for the charged particle can
be written as
H = 1
2
gαβ(piα − qAα)(piβ − qAβ) + 1
2
m20, (14)
where piα is the canonical four-momentum which is re-
lated to the kinematical four-momentum pµ = m0u
µ by
the relation
piµ = pµ + qAµ, (15)
and satisfies Hamilton’s equations
dxµ
dζ
≡ pµ = ∂H
∂piµ
,
dpiµ
dζ
= − ∂H
∂xµ
.
(16)
The affine parameter ζ is related to the proper time of the
particle by the relation ζ = τ/m0. For the line element in
Eq. (1), using Eqs. (14) and (16), we obtain two constants
of motion: the energy per unit mass E and the angular
momentum per unit mass L, which are given by
E = E
m0
=
(
1− 2m
r
)γ
dt
dτ
,
L = L
m0
= r2 sin2 θ
(
1− 2m
r
)1−γ [
dφ
dτ
+ B
]
,
(17)
where we have introduced also B = qB/2m0. As ex-
pected, Eqs. (17) reduce to the Schwarzschild case when
γ = 1.
By expressing the Hamiltonian in Eq. (14) as
H = 1
2
F (r)
G(r)
p2r+
1
2
F (r)
H(r)
p2θ+
m20
2F (r)
(
Veff(r, θ;B,L)− E2
)
.
(18)
we can derive the effective potential Veff(r, θ;B,L) as [65]
Veff(r, θ;B,L) =
(
1− 2m
r
)γ 1 + (1− 2m
r
)γ−1( L
r sin θ
− Br sin θ
(
1− 2m
r
)1−γ)2 . (19)
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FIG. 1. Equipotential slices for the effective potential in the equatorial plane (θ = pi/2), Veff(r, pi/2;L,B) as a function of the
Cartesian coordinates x and y for fixed values of B = ±0.005 and L = 4. In the figure we have set m = 1.
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FIG. 2. Sections (y = 0) of the effective potential taken at the equatorial plane z = 0 and at spatial infinity z →∞ (gray solid
line) for different values of γ. In the figure we consider B = 0, B = ±0.005, m = 1 and L = 4.
5The term in parentheses of Eq. (19) is the central force
potential for the specific angular momentum L and the
electromagnetic potential energy given by the magnetic
parameter B. Once again, note that Eq. (19) reduces
to the Schwarzschild case when γ = 1. As usual, for a
given value of E the particle’s motion is restricted by the
condition that
E2 = Veff(r, θ;L,B). (20)
Due to the static nature of the space-time, the effective
potential of the γ-metric immersed in a uniform magnetic
field is symmetric with respect to the change in sign for
(L,B), namely replacing (L,B) with (−L,−B) does not
change the effective potential [52, 59]. This symmetry
enables us to distinguish the following two situations:
a. Minus configuration (MC): the magnetic field and
angular momentum parameters have opposite signs
and the Lorentz force is attracting the charged par-
ticle towards the axis of symmetry. This holds for
L > 0, B < 0 or, equivalently, for L < 0, B > 0
b. Plus configuration (PC): the magnetic field and an-
gular momentum parameters have the same sign
and the Lorentz force is repulsive, pushing the par-
ticle away from the source. In this configuration we
have L > 0, B > 0 or equivalently L < 0, B < 0).
Having fixed the direction of the symmetry axis z, a pos-
itive value of the angular momentum L > 0 means that
the particle moves counter-clockwise. On the other hand,
taking the particle’s charge q > 0, in the MC, B < 0
corresponds to the magnetic field pointing in the neg-
ative direction (downwards), while in the PC, B > 0
corresponds to the magnetic field pointing upwards the
z-axis.
In Fig. 1, we show the equipotential slices for the effec-
tive potential at the equatorial plane for different values
of γ. From the figure, it is possible to see the regions
where Veff has a local minimum. On the other hand, in
Fig. 2, we plot sections (y = 0) of the effective potential
Veff as function of the Cartesian direction x for different
values of γ at a fixed value of B. We consider two case:
z = 0 and z →∞. To do so we use spherical coordinates
given by
x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ, (21)
with r =
√
x2 + y2 + z2. For y = 0 (i.e. φ = 0), the last
equation reduces to x = r sin θ and z = r cos θ. There-
fore, the effective potential takes the form,
Veff(x, 0, z;L,B) =
(
1− 2m√
x2 + z2
)γ (1− 2m√
x2 + z2
)γ−1(L
x
− xB
(
1− 2m√
x2 + z2
)1−γ)2
+ 1
 . (22)
At z →∞, the effective potential reduces to
Veff(x, 0, z →∞;L,B) = 1 +
(L
x
− Bx
)2
, (23)
which is the same expression as Schwarzschild [52].
From Fig. 2 it can be seen that in the equatorial plane
(z = 0) notable differences in Veff for different values of
γ appear in the region where the role of the magnetic
field is suppressed by gravity (i.e. small values of x).
In this case, it is possible to distinguish between differ-
ent values of γ. At large values of x, the role of the
magnetic field dominates over the gravitational part of
the effective potential, and differences between different
values of γ become smaller. Fig. 2 also shows that at
z → ∞, the behaviour of Veff does not depend on γ and
is the same as in the Schwarzschild case [52] (see the solid
grey lines in the figure). The reason for such a behavior
lies in those terms which contain the dependence on γ
in Eq. (19). Since these terms tend to 1 when z → ∞,
the effective potential reduces to the Schwarzschild case
as z → ∞ as shown also for example in Ref. [52]. This
behavior is expected since both line elements (γ-metric
and Schwarzschild) are asymptotically flat.
According to Eq. (19), the effective potential is a func-
tion of two variables only: r and θ. This is due to the
axial symmetry of the system which is in turn due to
the symmetry of the background magnetic field and the
symmetry of the geometry. Therefore, the extrema of the
effective potential, can be obtained from
∂rVeff(r, θ;L,B) = 0 and ∂θVeff(r, θ;L,B) = 0. (24)
From the second condition in Eq.(24), we see that all
extrema of Veff(r, θ;L,B) occur in the equatorial plane.
Therefore, similarly to the Schwarzschild case, there are
no off-equatorial circular orbits for charged particles.
On the other hand, from the first condition in Eq. (24)
restricted to the equatorial plane, we obtain the following
polynomial equation
dL2 + eL+ f = 0 , (25)
with
d = [r −m(1 + 2γ)](r − 2m)2γ−2,
e = 2mγBr1+γ(r − 2m)γ−1,
f = −(r −m)r2γ+2B2 −mγr1+γ(r − 2m)γ .
(26)
6Equation (25) is quadratic for the specific angular mo- mentum. Therefore, if we solve for L, we find that circu-
lar orbits are given by
LE± = (r − 2m)1−γ
[
−mBγrγ+1 ± (r − 2m)1−γr 1+γ2 F(r;B)
r −m(1 + 2γ)
]
, (27)
with
F(r;B) =
√
(r − 2m)2γ−3 [m(r − 2m)γ(r −m(1 + 2γ))γ + B2(r − 2m)rγ+1(m(1 + γ)− r)2]. (28)
Equation (25) can be used to obtain the innermost sta-
ble circular orbit (ISCO). There are two ways to compute
the ISCO: either by solving the equation ∂2rVeff = 0, or
by means of the local extrema LE(ex) of Eq. (27). Hence,
after using the implicit function theorem on Eq. (25), we
find the local extremum of LE±(r;B) is given by 1.
LE(ex) = −2mγBr
γ(r − 2m)1−γ [(r −m)γ −m] + (r − 2m)1−γG(r;B)
(r − 2mγ)(2γ − 1) , (29)
where the function G(r;B) is given by
G(r;B) =
√
4m2B2r2γγ2[m+ γ(m− r)]2 − rγ(r − 2m)(r − 2mγ)(2γ − 1)δ. (30)
with
δ = −B2r1+γ(3r − 2m+ 2(r −m)γ) + 2m(r − 2m)γ−2γ(m+ γ(m− r)). (31)
γ B = −0.2 B = −0.1 B = 0 B = 0.1 B = 0.2
rISCO rISCO rISCO rISCO rISCO
0.6 3.028 3.235 3.6944 2.987 2.618
0.7 3.411 3.609 4.3045 3.284 2.817
0.8 3.759 3.922 4.8832 3.549 3.033
0.9 4.066 4.291 5.4464 3.802 3.227
1 4.4139 4.6319 6.0000 3.9827 3.3552
1.1 4.763 4.981 6.54722 4.205 3.487
TABLE I. Numerical values of the innermost stable circular
orbits (rISCO) as a function of γ and B. We setm = 1, which is
equivalent to using the rescaling r → r/m in the line element.
The ISCO is located at the point of intersection of the
functions LE(ex) and LE+. In Table I some ISCO radii
1 We considered the function
W = L2[r −m(2γ + 1)](r − 2m)2γ−2 + 2mγBrγ+1(r − 2m)γ−1L
−mγrγ+1(r − 2m)γ−1 − (r −m)B2r2γ+2,
from which dL/dr = −(∂W/∂r)/(∂W/∂L), where ∂W/∂L 6= 0.
Thus, using the condition dL/dr = 0 and solving for L we obtain
Eq. (29).
are evaluated for different values of γ and B. In Fig. 3,
we show the behaviour of rISCO as a function of γ for
different values of B. The case without an external mag-
netic field (i.e. the dashed line in Fig. 3) was studied
ℬ =-0.1ℬ = 0ℬ =0.1
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γ
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FIG. 3. Location of rISCO as a function of γ for different
values of B. Again, we set m = 1.
7in Ref. [66]. There it was shown that the dependence of
the ISCO radius upon the γ parameter for neutral parti-
cles could be divided into three different regions: (i) For
γ < 1/
√
5 there is no ISCO, (ii) for 1/
√
5 < γ < 1/2,
there are two disjoint regions for stable circular orbits
(i.e. two separate allowed values of the ISCO), (iii) for
γ > 1/2, there is only one ISCO, similarly to the spher-
ically symmetric case. A similar situation was described
in Ref. [65].
In Fig. 3, we show the value of rISCO as function of γ for
B = ±0.1 and compare it with the case without magnetic
field. In both cases, the effect of the magnetic field on the
value of the ISCO is to reduce it with respect to the case
B = 0. In addition, the ISCO for B = −0.1 (i.e. the MC
configuration) is larger than the ISCO radius for B = 0.1
(i.e. the PC configuration). Hence, the presence of a
uniform magnetic field allows particles to move in stable
circular orbits closer to the infinitely redshifted surface
r = 2m. This behaviour can be observed in Fig. 4, where
we plot the behaviour of LE+ and LE(ex).
Similarly to the case of Schwarzschild immersed in a
uniform magnetic field, the motion of charged particles in
the γ-space-time is also bounded in the radial direction
near the equatorial plane due to the term proportional
to B in the effective potential. Nevertheless, this term
vanishes for θ = 0 and so particles can escape along the
polar direction, i.e. the z direction, towards infinity.
In order to find the condition on the particle’s en-
ergy for the particle to escape, we consider the effective
potential at z → ∞ along a given direction x. Then
Veff(x; z →∞) is given by (see gray solid line in Fig. 2)
Veff(x; z →∞) = 1 + L
2
x2
− 2LB + B2x2. (32)
The minimum of Eq. (32) is located at x = |L/B| and at
this value of x the energy is
Eescape =
√
1 + 2|LB| − 2LB. (33)
Therefore, the condition for particles to escape is given
by
E ≥ Escape =

1 if B ≥ 0
√
1− 4BL if B < 0
(34)
The exact same condition was found by M. Kolo et. al
in [52]. This is due to the fact that Schwarzschild and
γ-metric have the same behavior at z →∞ (see Eq. (32)
and Fig. 2).
On the other hand, for charged particles on bound or-
bits the energy condition in Eq. (20) describes what is
called a “lake-like” region where the particles are trapped
between two radii. The condition for such a region is
given by
E < Escape. (35)
Since the specific energy E is related by the specific an-
gular momentum L, the trapped region can be expressed
by the condition
LL− < L < LL+ . (36)
Where the values of LL− and LL+ are given by the con-
dition E = Eescape. Therefore, for B ≥ 0 we have
LL± = (r − 2m)Br
γ+1 ± rγ√(r − 2m)r1−γ (rγ − (r − 2m)γ)
(r − 2m)γ , (37)
and for B < 0, LL− and LL+ become
LL± =
−Brγ+1 (2rγ(r − 2m)1−γ − (r − 2m))± r2γ−1K(r,B)
(r − 2m)γ , (38)
with
K(r,B) =
√
r3(1−γ)(r − 2m)1−2γ (rγ − (r − 2m)γ) (4(r − 2m)B2r2γ+1 + (r − 2m)2γ) . (39)
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FIG. 4. Plots of LE± (solid line), LE(ex) (dotted line), LL± (dashed line) as a function of r for diferents values of γ. The
intersection of LE± with LE(ex) provides location and angular momentum for a particle at the ISCO. In the figure we consider
B = 0, B = ±0.1 and set m = 1.
In Fig. 4, we show the behaviour of LE±, LE(ex), and
the behaviour of the so-called “lake-like” angular momen-
tum functions LL± as functions of r for different values of
γ and B. In the figure, we see that the extremum function
LE±, which determines the circular orbits in the equato-
rial plane, diverges when the charged particles move close
to the photon sphere. In the figure, we can also see the
value of LISCO from the intersection of LE± with LE(ex).
Note that the position of rISCO is affected by the pres-
ence of the magnetic field. Moreover, stable and unstable
circular orbits are located at r > rISCO and r < rISCO,
respectively. On the other hand, regarding the lake angu-
lar momentum functions, we see that the region between
LL- and LL+ is smaller for B > 0 than the region in the
case B < 0 (for a given value of γ). Finally, for fixed val-
ues of B 6= 0, the region between LL- and LL+ becomes
broader as γ increases.
A. Charged particle trajectories
The trajectories of charged particles immersed in a uni-
form magnetic field can be obtained by solving the equa-
tions of motion. Typically this can be done following two
possible procedures, namely i) from the Lorentz equation
or ii) from the Hamiltonian formalism. In the following,
we use the former method. Then, a particle with (rest)
mass m0 and charge q immersed in an electromagnetic
field Fρσ satisfies the Lorentz force law [62, 63]
d2xµ
dτ2
+ Γµαβ
dxα
dτ
dxβ
dτ
=
q
m0
gµρFρσ
dxσ
dτ
. (40)
where τ is the affine parameter of the particle’s trajec-
tory and Fρσ is the electromagnetic Faraday tensor. In
general, the tensor Fρσ is defined, in terms of the vector
potential Aα, as
Fρσ = ∂ρAσ − ∂σAρ, (41)
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FIG. 5. Charged particle motion in the equatorial plane (θ = pi/2, θ˙ = 0) in the PC case (i.e. LB > 0) for different values of γ,
L and B. The motion of the particle is plotted from a given initial radius r0 (the initial angle φ is irrelevant due to symmetry),
radial velocity r˙0 and angular velocity φ˙0. We set m = 1. Notice that curly motion is allowed in this case, as opposed to the
MC case.
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and in the case of the γ-metric immersed in a uniform
magnetic field the only non vanishing component of vec-
tor potential are given by Eq. (13) so that the non-
vanishing components of the electromagnetic tensor, ex-
pressed in (t, r, θ, φ) coordinates, take the form
F˜rφ = −F˜φr = 2B sin2 θ(r − 2m)−γrγ [r − (γ + 1)m],
F˜θφ = −F˜φθ = 2B sin θ cos θ(r − 2m)1−γrγ+1,
(42)
where we have defined F˜ρσ = qFρσ/m0. Note again that
for γ = 1, Eq. (42) reduce to the case of Schwarzschild
immersed in a uniform electromagnetic field [52].
Using the conservation of angular momentum from
Eq. (17), we can obtain the equation of motion for the
axial coordinate φ. This equation has the form
dφ
dτ
=
L
r2
(
1− 2m
r
)γ−1
− B , (43)
while the equation of motion for the radial component
takes the form
(
dr
dτ
)2
=
(
1− m
r
)γ2−1 [
E2 −
(
1− 2m
r
)γ
−
(
rB(2m− r) + L (1− 2mr )γ)2
r(2m+ r)
]
. (44)
Given the difficulty of solving analytically the equa-
tions in general one needs to resort to numerical analysis.
In Figs. 5 and 6, we show some examples of trajectories
for charged particles on the equatorial plane. We con-
sidered both PC and MC configurations, and different
values of γ. From the figures, it is possible to identify
the infalling trajectories, and the circular and bounded
orbits. In the case of bound orbits, the radial coordinate
is constrained in the interval ra ≤ r ≤ rp, where ra and
rp are the apoapsis and periapsis, respectively [52]. From
the figures, we can see two types of bounded trajectories:
curled and non-curled. The former is obtained when the
coordinate φ decreases during the particle motion, in con-
trast to non-curled trajectories, where φ always increases
(see also Fig. 7). Furthermore, it is important to point
out that these trajectories are specific to the charged
particle motion in the asymptotically uniform magnetic
fields, and can not occur in the case of uncharged par-
ticles, and more precisely they are possible only in the
PC configuration. Similar curly trajectories were found
in the Schwarzschild space-time immersed in a magnetic
field [52, 59, 60].
It is known that the motion of an electrically neutral
test particle is always restricted to the equatorial plane
and that a freely moving particle can escape to infinity
only in this plane, even in the presence of an external
magnetic field. Nevertheless, when we consider charged
particles in the presence of an asymptotically uniform
magnetic field, it is possible to have escape trajectories,
which end at spatial infinity as z → ∞ evolving along
the magnetic field lines, as can be seen in the left and
central panels of Fig. 8.
Out of the equatorial plane, particle motion tends to
be chaotic [33, 67–69]. The chaotic motion is related to
the variations in the coordinate θ. Nevertheless, as we
will discuss in the next section, harmonic oscillations may
occur when bounded orbits are located close to the equa-
torial plane. In Fig. 8 left panel we show one example.
IV. HARMONIC OSCILLATIONS OF
CHARGED TEST PARTICLES
It is known that if a particle is displaced slightly from
the radius of a stable circular orbit, the particle will
start to oscillate around its equilibrium value. For suf-
ficiently small displacement, it will execute simple har-
monic motion[62]. This oscillating motion is governed by
the epicyclic frequencies.
A. Epicyclic frequencies
To obtain the epicyclic frequencies for the γ space-
time immersed in a uniform magnetic field, we follow
the analysis in Ref. [40]. In this sense, we also restrict
our analysis to the linear regime and consider radial and
vertical oscillations separately.
The Hamiltonian given in Eq. (14) can be expressed in
the following form
H = 1
2
grrp2r+
1
2
gθθp2θ+
m20
2
(
gttE2 + gφφ(L − Bgφφ)2 + 1
)
.
(45)
The normalization condition uβu
β = −1 (where uβ is
the 4−velocity of the charged particle), leads to H = 0.
Hence, Eq. (45) reduces to
grrp2r + g
θθp2θ = −m20
(
gttE2 + gφφ(L − Bgφφ)2 + 1
)
,
(46)
from which we can express the left-hand side as
grr
(
dr
dζ
)2
+ gθθ
(
dθ
dζ
)2
= −Π(r, θ), (47)
where we have used the relation pµ = m0u
µ and defined
the function Π(r, θ) as
Π(r, θ) = gttE2 + gφφ(L − Bgφφ)2 + 1. (48)
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FIG. 6. Charged particle motion in the equatorial plane (θ = pi/2, θ˙ = 0) in the MC for different values of γ, L and B. The
motion of the particle is plotted from a given initial radius r0 (the initial angle φ is irrelevant due to symmetry), radial velocity
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FIG. 7. Plots of φ coordinate for curled (left panel), circular (center) and non-curled orbits (right panel). The plots are obtained
from the data of the curled trajectory shown in the third column, last row of Fig. 5 (left panel), and the orbits shown in the
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FIG. 8. Left panel: example of a escape trajectory. The initial conditions are r0 = 16, r˙0 = 0, θ0 = 3, φ0 = 0, and φ˙0 = 0 with
B = 0.1 and L = 7.1. Center: another example of a escaped trajectory with the same initial conditions as in left panel but for
γ < 1. Right panel: example of a trajectory with a small perturbation (θ˙0 6= 0). The initial conditions are θ˙0 = 0.01, r˙0 = 0,
B = 0.1, L = 10, r0 = 9, and θ0 = pi/2. We set m = 1.
In the case of charged particles moving on a plane with
θ0 = const (as is the case for motion in the equatorial
plane), Eq. (47) takes the form,
grr
(
dr
dζ
)2
= R(r) = −Π(r, θ0). (49)
On the other hand, if we consider charged particles mov-
ing at a fixed radial distance r = r0 with θ 6= 0, then
Eq. (47) reduces to
gθθ
(
dθ
dζ
)2
= Θ(θ) = −Π(r0, θ). (50)
Therefore, test charged particles will move on a circular
orbit r = r0 in the equatorial θ = θ0 = pi/2 if [40]
R(r0) = 0, ∂rR(r)|r0 = 0, (51)
and
Θ(θ0) = 0, ∂θΘ(θ)|θ0 = 0. (52)
In the case of small perturbation along the radial direc-
tion, i.e. r = r0 + δr with δθ = 0 and in the case of small
perturbation in the vertical direction, i.e. θ = θ0 + δθ
with δr = 0, we can express the functions R(r) and Θ(θ)
in powers of δr and δθ, by expanding near the equilib-
rium positions r0 and θ0. In this way, we obtain the
equations governing the motion of test charged particles
that slightly depart from a circular orbit. The Taylor
expansions up to second order in δr and δθ are given
by [40]
R(r) = R(r0) + ∂rR(r)|r0δr +
1
2
∂2rR(r)|r0δr2 + ...(53)
Θ(θ) = Θ(θ0) + ∂θΘ(θ)|θ0δθ +
1
2
∂2θΘ(θ)|θ0δθ2 + ...(54)
which, after using Eqs. (51) and (52), allows to rewrite
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FIG. 9. Plots of ωr, ωθ and ωφ as functions of r for different values of γ and B. The gray dot-dashed line correspond to the
Larmor frequency ωL which has a constant value. We set m = 1.
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Eqs. (49) and (50) as
grrδr˙
2 =
1
2
∂2rR(r)|r0δr2, (55)
gθθδθ˙
2 =
1
2
∂2θΘ(θ)|θ0δθ2. (56)
Taking into account that the total energy of the orbit is
conserved, one obtains [40].
δr˙
[
grrδr¨ − 1
2
∂2rR(r)|r0δr
]
= 0, (57)
δθ˙
[
gθθδθ¨ − 1
2
∂2θΘ(θ)|θ0δθ
]
= 0. (58)
It is clear that the trivial solutions δr˙ = 0, and δθ˙ = 0 cor-
respond to circular orbits. On the other hand, the other
solution, given by the quantities inside square brackets
of Eqs. (57) and (58), can be expressed in the form of
harmonic oscillators as [70]
δr¨ + ω2rδr = 0, (59)
δθ¨ + ω2θδθ = 0, (60)
where ω2r and ω
2
θ are the radial and vertical (latitudinal)
frequencies, which are defined by
ω2r = −
∂2rR(r)|r0
2grr
=
∂2rΠ(r, θ0)|r0
2grr
, (61)
ω2θ = −
∂2θΘ(θ)|θ0
2gθθ
=
∂2θΠ(r0, θ)|θ0
2gθθ
. (62)
For the γ-metric immersed in uniform magnetic field, the
function Π(r, θ) is given by
Π(r, θ) = 1 +
(
1− 2m
r
)γ−1 [ L
r sin θ
− Br sin θ
(
1− 2m
r
)1−γ]2
−
(
1− 2m
r
)−γ
E2. (63)
Therefore, the epicyclic frequencies are given by
ω2r =
[r(r −m)−2(r − 2m)]−γ2
r2(r2 − 3mr + 2m2)2
[
a(r, γ)E2 + b(r, γ)B2 + c(r, γ)L2] ,
ω2θ = (r −m)2(γ
2−1)[(r − 2m)r]−γ2−1
[
L2 (r − 2m)2γ r−2γ − (r − 2m)2r2B2
]
,
(64)
where we have defined
a(r, γ) = 2γmr(2m− r)((γ − 1)m+ r) ,
b(r, γ) = r2(r − 2m)2 (2γ(γ + 1)m2 − 2(γ + 1)mr + r2) ,
c(r, γ) = (r − 2m)2γr−2γ[2(γ + 1)(γ + 2)m2 − 6(γ + 1)mr + 3r2], (65)
and the values for E2 = Veff(r, pi/2) and L = LE+ are
given by Eqs. (19) and (27), respectively. There is a third
fundamental frequency given by oscillations about the
azimuthal angle φ which can be obtained from Eq. (43).
This is given by
ω2φ =
[
Lr−1−γ (r − 2m)γ−1 − B
]2
. (66)
In the case of vanishing magnetic field, we obtain again
the same results as in Ref. [40]. On the other hand, and
differently from the neutral case, when B 6= 0 we also
have the so-called Larmor angular frequency ωL, which
is associated with the uniform magnetic field itself, and
is given by the relation [52]
ωL =
qB
m0
= 2|B|. (67)
It is important to point out that the Larmor frequency
ωL does not dependent on the radial coordinate and
therefore it becomes important at large distances, where
the magnetic field dominates over the gravitational field.
In Fig. 9, we show the behaviour of ωr, ωθ and ωφ
as functions of r for different values of γ and B. For
completeness we also show the corresponding value of
the Larmor frequency ωL. When the γ-space-time is not
immersed in a uniform magnetic field (i.e. when B = 0),
ωφ and ωθ only coincide when γ = 1 (i.e. Schwarzschild).
Moreover, as expected, they asymptotically tend to zero
as r increases, similar to the Schwarzschild case [52] (see
the third row in Fig. 9). In the same figure, it is possible
to see that the radial frequency ωr has a maximum value,
which decreases as γ increases. Moreover, we can see that
ωr vanishes at the ISCO. On the other hand, when B 6= 0,
Fig. 9 shows different behaviors. It is worth noting that
for B < 0 both ωr and ωφ tend asymptotically to the
Larmor frequency ωL, while ωθ tends to 0. Nevertheless,
when B > 0, only the radial frequency ωr tends to ωL as
r increases.
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FIG. 10. Plots of the frequencies Ωr, Ωθ and Ωφ measure by an observer at infinity as a function of r for different values of γ
and B. We set m = 1.
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B. Frequencies measured by distant observers
The epicyclic frequencies derived in the previous sec-
tion in Eqs. (64) and (66) are measured with respect to
the proper time of a comoving observer. Therefore, to
obtain the frequencies measured by an observer at infin-
ity, it is necessary to take into account the redshift factor
dτ/dt. Hence, we have that
Ωi = ωi
dτ
dt
, (68)
where i = r, θ or φ. For the γ-metric, the redshift factor
can be obtained from Eq. (17) and is given by
dτ
dt
=
r−γ(r − 2m)γ
E . (69)
Therefore, the frequencies in Eq. (68), are given by
Ωi = ωi
r−γ(r − 2m)γ
E . (70)
It is important to point out that E = E(r) in Eq. (70)
is the specific energy at the circular orbit given by E =
Veff(r, pi/2,LE+). Therefore, we obtain
Ω2r =
r−γ(γ+2)(r −m)2γ2(r − 2m)γ(2−γ)
r2(r2 − 3mr + 2m2)
[
a(r, γ) +
b(r, γ)B2 + c(r, γ)L2
E2
]
,
Ω2θ =
(r −m)2(γ2−1)(r − 2m)−(γ−1)2r−(γ+1)2
E2
[
L2 (r − 2m)2γ r−2γ − (r − 2m)2r2B2
]
,
Ω2φ =
[Lr−(1+2γ)(r − 2m)2γ−1 − Br−γ(r − 2m)γ
E
]2
.
(71)
In Fig. 10 we show the behaviour of Ω2r, Ω
2
θ and Ω
2
φ
as functions of r for different values of γ and B. From
the figure, we see that the latitudinal Ωθ and azimuthal
Ωφ frequencies measured by a distant observer vanish as r
increases for all the values of γ and B. In particular, when
B = 0 and γ = 1, these frequencies coincide (Ωθ = Ωφ).
Furthermore, for positive (negative) values of B, Ωφ is
always smaller (greater) than Ωθ.
V. CONCLUSIONS
Observations of stellar mass and super-massive black
hole candidates rely on the measurement of the spectrum
of light emitted by their accretion disks. In particular
X-ray reflection spectroscopy appears to be a promising
tool to probe the nature of the geometry in the vicinity
of black hole candidates [21–23]. The recent observation
of the ‘shadow’ of the super-massive black hole candidate
at the core of the galaxy M87 [71–73] also suggests that
the possibility to test experimentally the geometry in the
vicinity of such astrophysical compact objects may soon
be at hand.
In both cases, it is of paramount importance to know
the behavior of the motion of test particles in the gas of
the accretion disk, since the light emitted from the accre-
tion disk is the only medium through which the measure-
ments are made. The behaviors of test particles and, as a
consequence, the properties of accretion disks, are influ-
enced by several factors, besides the geometry, of which
the most relevant are the presence of additional matter
fields [74–76], magnetic fields [57, 58] and the particle’s
spin [77–79]. Therefore it is very important to know how
such factors may alter the observational features of the
accretion disks, in order to exclude the possibility of de-
generacies such as, for example, the measurement of a
black hole spin which could be also due to a non-spinning
source with quadrupole moment[80].
The behavior of test particles in the Kerr and
Schwarzschild geometries has been studied in detail [81–
86]. On the other hand, the same behavior in other ex-
act solutions of Einstein’s vacuum field equations has not
been thoroughly studied so far. One reasonable hypoth-
esis is that if departures from the black hole geometry do
exist they would manifest in the presence of quadrupole
moment in the source of the gravitational field. In this
respect, the γ-metric represents the ideal test-bed to in-
vestigate departures from the behavior expected by black
holes.
Following a program initiated by some of us, we at-
tempted here to characterize the behavior of charged test
particles on orbits slightly departing from the ISCO of
the γ-metric immersed in an external magnetic field. We
have shown that the presence of a non-vanishing defor-
mation parameter affects the motion of charged particles
and changes the epicyclic frequencies.
As more and more precise measurements of the proper-
ties of super-massive black hole candidates become avail-
able, these models will allow testing the hypothesis that
the geometry outside such objects is well described by
the Kerr metric.
17
ACKNOWLEDGMENTS
C.A.B.G wishes to dedicate this work to Prof. Alirio
Caldern-Molina as a tribute to his memory. The au-
thors want to thank M. Kolo for helpful discussion. The
work of C.A.B.G. and C.B. was supported by the Innova-
tion Program of the Shanghai Municipal Education Com-
mission, Grant No. 2019-01-07-00-07-E00035, and the
National Natural Science Foundation of China (NSFC),
Grant No. 11973019. C.A.B.G. also acknowledges sup-
port from the China Scholarship Council (CSC), grant
No. 2017GXZ019022 and the Nazarbayev University for
hospitality. This research is supported by Grants No.
VA-FA-F-2-008, No. MRB-AN-2019-29 and No. YFA-
Ftech-2018-8 of the Uzbekistan Ministry for Innovative
Development. This research is partially supported by
an Erasmus+ exchange grant between SU and NUUz.
A.A. is supported by a postdoc fund through PIFI of
the Chinese Academy of Sciences. D.M. acknowledges
support by Nazarbayev University Faculty Development
Competitive Research Grant No. 090118FD5348 and by
the Ministry of Education and Science of the Republic of
Kazakhstan’s target program IRN: BR05236454.
[1] W. Israel, Phys. Rev. 164, 1776-1779 (1967)
doi:10.1103/PhysRev.164.1776
[2] B. Carter, Phys. Rev. Lett. 26, 331-333 (1971)
doi:10.1103/PhysRevLett.26.331
[3] N. Grlebeck, Phys. Rev. Lett. 114, no.15, 151102 (2015)
doi:10.1103/PhysRevLett.114.151102 [arXiv:1503.03240
[gr-qc]].
[4] R. Penrose, Phys. Rev. Lett. 14, 57-59 (1965)
doi:10.1103/PhysRevLett.14.57
[5] S. Hawking and R. Penrose, Proc. Roy. Soc. Lond. A
A314, 529-548 (1970) doi:10.1098/rspa.1970.0021
[6] C. Bambi, D. Malafarina and L. Modesto, Phys. Rev.
D 88, 044009 (2013) doi:10.1103/PhysRevD.88.044009
[arXiv:1305.4790 [gr-qc]].
[7] C. Bambi, D. Malafarina and L. Modesto, JHEP 04, 147
(2016) doi:10.1007/JHEP04(2016)147 [arXiv:1603.09592
[gr-qc]].
[8] H. Chakrabarty, A. Abdujabbarov, D. Malafarina
and C. Bambi, Eur. Phys. J. C 80, no.5, 373 (2020)
doi:10.1140/epjc/s10052-020-7964-0 [arXiv:1909.07129
[gr-qc]].
[9] D. Malafarina, Universe 3, no.2, 48 (2017)
doi:10.3390/universe3020048 [arXiv:1703.04138 [gr-
qc]].
[10] R. Carballo-Rubio, F. Di Filippo, S. Liberati
and M. Visser, Phys. Rev. D 101, 084047 (2020)
doi:10.1103/PhysRevD.101.084047 [arXiv:1911.11200
[gr-qc]].
[11] R. Carballo-Rubio, F. Di Filippo, S. Liberati and
M. Visser, [arXiv:1908.03261 [gr-qc]].
[12] S. B. Giddings, S. Koren and G. Trevio,
Phys. Rev. D 100, no.4, 044005 (2019)
doi:10.1103/PhysRevD.100.044005 [arXiv:1904.04258
[gr-qc]].
[13] S. B. Giddings, Nat. Astron. 1, 0067 (2017)
doi:10.1038/s41550-017-0067 [arXiv:1703.03387 [gr-
qc]].
[14] C. Barcel, R. Carballo-Rubio and L. J. Garay, Uni-
verse 2, no.2, 7 (2016) doi:10.3390/universe2020007
[arXiv:1510.04957 [gr-qc]].
[15] H. Weyl, Ann. Physik 54, 117 (1917).
[16] H. Weyl, Ann. Phys. (Leipzing) 59, 185 (1919).
[17] H. Quevedo, Phys. Rev. D, 29, 2904 (1989).
[18] H. Quevedo, Fortschr. Phys. 58 (1990) 10, 733-840
[19] W.B. Bonnor, Gen Relat Gravit 24, 551574 (1992).
https://doi.org/10.1007/BF00760137
[20] J. L. Hernandez-Pastora and J. Martin, Gen Relat Gravit
26, No.9, 877 (1994).
[21] C. Bambi, A. Cardenas-Avendano, T. Dauser, J. A. Gar-
cia and S. Nampalliwar, Astrophys. J. 842, no.2, 76
(2017) doi:10.3847/1538-4357/aa74c0 [arXiv:1607.00596
[gr-qc]].
[22] Z. Cao, S. Nampalliwar, C. Bambi, T. Dauser and
J. A. Garcia, Phys. Rev. Lett. 120, no.5, 051101 (2018)
doi:10.1103/PhysRevLett.120.051101 [arXiv:1709.00219
[gr-qc]].
[23] A. Tripathi, S. Nampalliwar, A. B. Abdikamalov,
D. Ayzenberg, C. Bambi, T. Dauser, J. A. Gar-
cia and A. Marinucci, Astrophys. J. 875, no.1, 56
(2019) doi:10.3847/1538-4357/ab0e7e [arXiv:1811.08148
[gr-qc]].
[24] K. Akiyama et al. [Event Horizon Telescope], Astro-
phys. J. Lett. 875, no.1, L4 (2019) doi:10.3847/2041-
8213/ab0e85 [arXiv:1906.11241 [astro-ph.GA]].
[25] C. Bambi, Rev. Mod. Phys. 89, no.2, 025001 (2017)
doi:10.1103/RevModPhys.89.025001 [arXiv:1509.03884
[gr-qc]].
[26] E. Berti et al., Class. Quant. Grav. 32, 243001 (2015)
doi:10.1088/0264-9381/32/24/243001 [arXiv:1501.07274
[gr-qc]].
[27] B. H. Voorhees, “Static axially symmetric grav-
itational fields,” Phys. Rev. D 2 (1970) 2119.
doi:10.1103/PhysRevD.2.2119
[28] D. M. Zipoy “Static axially symmetric gravitational
fields,” Journal of Mathematical Physics 22, 1137 (1970).
https://doi.org/10.1063/1.1705005
[29] H. Kodama and W. Hikida, Class. Quant. Grav.
20, 5121-5140 (2003) doi:10.1088/0264-9381/20/23/011
[arXiv:gr-qc/0304064 [gr-qc]].
[30] L. Herrera, F. M. Paiva and N. Santos, Int. J. Mod. Phys.
D 9, 649-660 (2000) doi:10.1142/S021827180000061X
[arXiv:gr-qc/9812023 [gr-qc]].
[31] L. Herrera, F. M. Paiva and N. Santos, J. Math. Phys.
40, 4064-4071 (1999) doi:10.1063/1.532943 [arXiv:gr-
qc/9810079 [gr-qc]].
[32] L. Herrera and J. Hernandez Pastora, J. Math. Phys.
41, 7544-7555 (2000) doi:10.1063/1.1319517 [arXiv:gr-
qc/0010003 [gr-qc]].
[33] G. Lukes-Gerakopoulos, Phys. Rev. D 86, 044013 (2012)
doi:10.1103/PhysRevD.86.044013 [arXiv:1206.0660 [gr-
qc]].
[34] K. Boshkayev, E. Gasperin, A. Gutierrez-Pineres,
18
H. Quevedo and S. Toktarbay, Phys. Rev. D 93,
no.2, 024024 (2016) doi:10.1103/PhysRevD.93.024024
[arXiv:1509.03827 [gr-qc]].
[35] K. S. Virbhadra, gr-qc/9606004.
[36] D. Papadopoulos, B. Stewart and L. Witten, Phys. Rev.
D 24, 320-326 (1981) doi:10.1103/PhysRevD.24.320
[37] B. W. Stewart , D. Papadopoulos, L. Wit-
ten et al., Gen Relat Gravit 14, 97103 (1982).
https://doi.org/10.1007/BF00756201
[38] L. Herrera, G. Magli and D. Malafarina, Gen. Rel.
Grav. 37, 1371-1383 (2005) doi:10.1007/s10714-005-
0120-1 [arXiv:gr-qc/0407037 [gr-qc]].
[39] A. B. Abdikamalov, A. A. Abdujabbarov, D. Ayzen-
berg, D. Malafarina, C. Bambi and B. Ahme-
dov, Phys. Rev. D 100, no.2, 024014 (2019)
doi:10.1103/PhysRevD.100.024014 [arXiv:1904.06207
[gr-qc]].
[40] B. Toshmatov, D. Malafarina and N. Dad-
hich, Phys. Rev. D 100, no.4, 044001 (2019)
doi:10.1103/PhysRevD.100.044001 [arXiv:1905.01088
[gr-qc]].
[41] B. Narzilloev, D. Malafarina, A. Abdujabbarov and
C. Bambi, [arXiv:2003.11828 [gr-qc]].
[42] T. M. Belloni, A. Sanna and M. Mendez, Mon. Not.
Roy. Astron. Soc. 426, 1701 (2012) doi:10.1111/j.1365-
2966.2012.21634.x [arXiv:1207.2311 [astro-ph.HE]].
[43] L. Rezzolla, S. Yoshida, T. J. Maccarone and O. Zan-
otti, Mon. Not. Roy. Astron. Soc. 344, L37 (2003)
doi:10.1046/j.1365-8711.2003.07018.x [arXiv:astro-
ph/0307487 [astro-ph]].
[44] W. Kluzniak, Astrophys. J. 509, L37 (1998)
doi:10.1086/311748 [astro-ph/9712243].
[45] M. Miller and F. K. Lamb, Astrophys. J. 499, L37 (1998)
doi:10.1086/311335 [arXiv:astro-ph/9711325 [astro-ph]].
[46] R. V. Wagoner, A. S. Silbergleit and M. Ortega-
Rodriguez, Astrophys. J. 559, L25-L28 (2001)
doi:10.1086/323655 [arXiv:astro-ph/0107168 [astro-
ph]].
[47] M. A. Abramowicz and W. Kluzniak, Astron. Astro-
phys. 374, L19 (2001) doi:10.1051/0004-6361:20010791
[arXiv:astro-ph/0105077 [astro-ph]].
[48] M. A. Abramowicz, W. Kluzniak, Z. Stuchlik and
G. Torok, [arXiv:astro-ph/0401464 [astro-ph]].
[49] L. Stella, M. Vietri and S. Morsink, Astrophys. J.
524, L63-L66 (1999) doi:10.1086/312291 [arXiv:astro-
ph/9907346 [astro-ph]].
[50] Z. Stuchlk and A. Kotrlov, Gen. Rel. Grav. 41, 1305-1343
(2009) doi:10.1007/s10714-008-0709-2 [arXiv:0812.5066
[astro-ph]].
[51] A. Kotrlova, Z. Stuchlik and G. Torok, Class.
Quant. Grav. 25, 225016 (2008) doi:10.1088/0264-
9381/25/22/225016 [arXiv:0812.0720 [astro-ph]].
[52] M. Kolo, Z. Stuchlk and A. Tursunov, Class. Quant.
Grav. 32, no. 16, 165009 (2015) doi:10.1088/0264-
9381/32/16/165009 [arXiv:1506.06799 [gr-qc]].
[53] R. P. Eatough et al., Nature 501, 391 (2013)
doi:10.1038/nature12499 [arXiv:1308.3147 [astro-
ph.GA]].
[54] Z. Stuchlk and M. Kolo, Eur. Phys. J. C 76,
no. 1, 32 (2016) doi:10.1140/epjc/s10052-015-3862-2
[arXiv:1511.02936 [gr-qc]].
[55] G. Torok, A. Kotrlova, E. Sramkova and Z. Stuchlik,
Astron. Astrophys. 531, A59 (2011) doi:10.1051/0004-
6361/201015549 [arXiv:1103.2438 [astro-ph.HE]].
[56] C. Bambi, JCAP 09, 014 (2012) doi:10.1088/1475-
7516/2012/09/014 [arXiv:1205.6348 [gr-qc]].
[57] R. M. Wald, Phys. Rev. D 10, 1680 (1974).
doi:10.1103/PhysRevD.10.1680
[58] J. A. Petterson, Phys. Rev. D 12, 2218-2225 (1975)
doi:10.1103/PhysRevD.12.2218
[59] V. P. Frolov and A. A. Shoom, Phys. Rev. D
82, 084034 (2010) doi:10.1103/PhysRevD.82.084034
[arXiv:1008.2985 [gr-qc]].
[60] B. Narzilloev, A. Abdujabbarov, C. Bambi and
B. Ahmedov, Phys. Rev. D 99, no.10, 104009 (2019)
doi:10.1103/PhysRevD.99.104009 [arXiv:1902.03414 [gr-
qc]].
[61] L. Herrera, F. M. Paiva, and N. O. Santos, J. Math.
Phys. 40, 4064 (1999), gr-qc/9810079.
[62] R. M. Wald, “General Relativity,”
doi:10.7208/chicago/9780226870373.001.0001
[63] C.W. Misner, K.S. Thorne, J.A. Wheeler. Gravita-
tion (Princeton University Press. New Jersey, 2017),
ISBN:978-0-691-17779-3
[64] M. Azreg-Anou, Eur. Phys. J. C 76, no. 7, 414 (2016)
doi:10.1140/epjc/s10052-016-4259-6 [arXiv:1603.07894
[gr-qc]].
[65] C. A. Benavides-Gallego, A. Abdujabbarov, D. Mala-
farina, B. Ahmedov and C. Bambi, Phys. Rev. D 99,
no. 4, 044012 (2019) doi:10.1103/PhysRevD.99.044012
[arXiv:1812.04846 [gr-qc]].
[66] A. N. Chowdhury, M. Patil, D. Malafarina and
P. S. Joshi, Phys. Rev. D 85, 104031 (2012)
doi:10.1103/PhysRevD.85.104031 [arXiv:1112.2522 [gr-
qc]].
[67] O. Kopek and V. Karas, Astrophys. J. 787, 117 (2014)
doi:10.1088/0004-637X/787/2/117 [arXiv:1404.5495
[astro-ph.HE]].
[68] O. Kopacek, V. Karas, J. Kovar and Z. Stuch-
lik, Astrophys. J. 722, 1240 (2010) doi:10.1088/0004-
637X/722/2/1240 [arXiv:1008.4650 [astro-ph.HE]].
[69] Y. Sota, S. Suzuki and K. i. Maeda, Class. Quant.
Grav. 13, 1241 (1996) doi:10.1088/0264-9381/13/5/034
[gr-qc/9505036].
[70] M. A. Abramowicz and W. Kluzniak, Astrophysics
300, 127 (2005) doi:10.1007/s10509-005-1173-z [astro-
ph/0411709].
[71] K. Akiyama et al. [Event Horizon Telescope Col-
laboration], Astrophys. J. 875, no. 1, L1 (2019)
doi:10.3847/2041-8213/ab0ec7 [arXiv:1906.11238 [astro-
ph.GA]].
[72] K. Akiyama et al. [Event Horizon Telescope Col-
laboration], Astrophys. J. 875, no. 1, L2 (2019)
doi:10.3847/2041-8213/ab0c96 [arXiv:1906.11239 [astro-
ph.IM]].
[73] K. Akiyama et al. [Event Horizon Telescope Col-
laboration], Astrophys. J. 875, no. 1, L3 (2019)
doi:10.3847/2041-8213/ab0c57 [arXiv:1906.11240 [astro-
ph.GA]].
[74] P. S. Joshi, D. Malafarina and R. Narayan, Class.
Quant. Grav. 31, 015002 (2014) doi:10.1088/0264-
9381/31/1/015002 [arXiv:1304.7331 [gr-qc]].
[75] K. Boshkayev and D. Malafarina, Mon. Not.
Roy. Astron. Soc. 484, no.3, 3325-3333 (2019)
doi:10.1093/mnras/stz219 [arXiv:1811.04061 [gr-qc]].
[76] B. Ilyas, J. Yang, D. Malafarina and C. Bambi, Eur.
Phys. J. C 77, no.7, 461 (2017) doi:10.1140/epjc/s10052-
017-5014-3 [arXiv:1611.03972 [gr-qc]].
19
[77] M. A. Abramowicz , M. Calvani, MNRAS, 189, 621
(1979)
[78] O. Semerak, Mon. Not. Roy. Astron. Soc. 308, 863-875
(1999) doi:10.1046/j.1365-8711.1999.02754.x
[79] B. Toshmatov and D. Malafarina, Phys. Rev. D 100,
no.10, 104052 (2019) doi:10.1103/PhysRevD.100.104052
[arXiv:1910.11565 [gr-qc]].
[80] C. Bambi and D. Malafarina, Phys. Rev. D 88,
064022 (2013) doi:10.1103/PhysRevD.88.064022
[arXiv:1307.2106 [gr-qc]].
[81] K. S. Thorne, Astrophys. J. 191, 507-520 (1974)
doi:10.1086/152991
[82] D. N. Page and K. S. Thorne, Astrophys. J. 191, 499-506
(1974) doi:10.1086/152990
[83] M. Abramowicz, B. Czerny, J. Lasota and
E. Szuszkiewicz, Astrophys. J. 332, 646 (1988)
doi:10.1086/166683
[84] M. Abramowicz, A. Lanza and M. Percival, [arXiv:astro-
ph/9611101 [astro-ph]].
[85] T. Johannsen, Phys. Rev. D 87, no. 12, 124010 (2013)
doi:10.1103/PhysRevD.87.124010 [arXiv:1304.8106 [gr-
qc]].
[86] S. Gimeno-Soler, J. A. Font, C. Herdeiro and
E. Radu, Phys. Rev. D 99, no. 4, 043002 (2019)
doi:10.1103/PhysRevD.99.043002 [arXiv:1811.11492 [gr-
qc]].
